Abstract. In di erential geometry several di erential equation systems are known which allow the determination of the Riemannian metric from the curvature tensor in normal coordinates. We consider two of such di erential equation systems. The rst system used by G unther 8] yields a power series of the metric the coe cients of which depend on the covariant derivatives of the curvature tensor symmetrized in a certain manner. The second system, the so-called Herglotz relations 9], leads to a power series of the metric depending on symmetrized partial derivatives of the curvature tensor.
the determination of the Riemannian metric from the curvature tensor in normal coordinates. We consider two of such di erential equation systems. The rst system used by G unther 8] yields a power series of the metric the coe cients of which depend on the covariant derivatives of the curvature tensor symmetrized in a certain manner. The second system, the so-called Herglotz relations 9], leads to a power series of the metric depending on symmetrized partial derivatives of the curvature tensor.
We determine a left ideal of the group ring C S r+4 ] of the symmetric group S r+4 which is associated with the partial derivatives @ (r) R of the curvature tensor R of order r and construct a decomposition of this left ideal into three minimal left ideals using Young symmetrizers and the Littlewood-Richardson rule. Exactly one of these minimal left ideals characterizes the so-called essential part of @ (r) R on which the metric really depends via the Herglotz relations. We give examples of metrics with and without a non-essential part of @ (r) R. Applying our results to the covariant derivatives of the curvature tensor we can show that the algebra of tensor polynomials
Introduction
Several investigations in di erential geometry and general relativity theory make use of certain di erential equation systems which allow to determine a pseudo-Riemannian metric from its Riemannian curvature tensor in normal coordinates. P. G unther has established the following construction of a di erential equation system of such a type in 8: Appendix I].
Let (M; g) be an n-dimensional analytic pseudo-Riemannian manifold with metric g and Levi-Civita connection r, and let fU; xg be a normal coordinate system of (M; g) B.
Fiedler: Universit at Leipzig, Mathematisches Institut, Augustuspl. 10/11, D { 04109 Leipzig, Germany around the centre P 0 2 U M, i.e. x(P 0 ) = 0. If we choose an orthonormal basis fv 1 ; : : : ; v n g M P 0 of the tangent space M P 0 of the manifold M in the point P 0 and carry out a parallel transport of this basis along every geodesic starting in P 0 , we obtain n smooth vector elds fX 1 ; : : : ; X n g on a suitable open neighbourhood U 0 U of P 0 which form an n-frame in every point of U 0 . We denote by T Here X denotes the vector eld X := x i @ i formed from the normal coordinates x i . Further, Q is an analytic (n n)-matrix-valued function with power series Q = P 1 l=2 Q (l) the summands Q (l) of which are obtained by the equation Q (l) = ?1 (P 0 ) R (l) (P 0 ) from analytic (n n)-matrices R (l) which depend on the covariant derivatives of the Riemannian curvature tensor 3) R ijkl according to R (2) The matrix ( i A ) can be regarded as the matrix of the parallel transport along the family of geodesics, described above, with respect to the basis vector elds @ i . A vector eld Z which is parallel along this family of geodesics ful ls Z = z A X A = (z A i A )@ i with z A = const. of the curvature tensor which lie in the algebra R s := h g ij ; g ij ; r (i 1 : : : r i r R jaji r+1 i r+2 )b ; r 0 i (1.8) formed from the generating tensor coordinates by the same operations like R. (The notation jaj means that the index a is excluded from the symmetrization.) Obviously, R s is a subalgebra of R. Now the question arises whether the algebra R s is equal to the algebra R. We show the equality of these two algebras by considering a more general situation.
Besides (1.3), another di erential equation system allowing the calculation of the Riemannian metric from the curvature tensor in normal coordinates is given by the so-called Herglotz relations 9] which we describe in Section 2. The Herglotz relations are non-linear di erential equations and yield power series of the metric which are determined by the symmetrized partial derivatives of the curvature tensor
The Herglotz relations
In this section we give a short summary of the paper 9] in which G. Herglotz states his method of determination of a Riemannian metric from the coordinates of the Riemannian curvature tensor in normal coordinates. Proposition 2.1. Let (M; g) be an n-dimensional pseudo-Riemannian manifold with metric g and Levi-Civita connection r, and let fU; xg be a system of normal coordinates on a normal neighbourhood U M with centre P 0 2 U, i.e. x(P 0 ) = 0. If we form the di erential operator X := x i @ i and the (n n)-matrices G := (g ij ) ; K := (R iklj x k x l ) ; i row index ; j column index from the coordinates g ij ; R iklj of the metric g and the Riemannian curvature tensor R with respect to fU; xg, then on U there holds true the so-called Herglotz relation 1) XX
(2.1) Now we assume the g ij to be analytic functions on U and make use of the facts that @ i g jk (P 0 ) = 0 in normal coordinates fU; xg and that the metric coordinates g ij (P 0 ) in P 0 may be transformed into The dot " " denotes the matrix product in (2.1). 3. The Riemannian metric g ij given by the calculated solution of (2.1) ful ls (g ij ? g ij (P 0 ))x j = 0 ; that means the coordinates x i are normal coordinates with respect to the constructed metric g ij if we restrict us to a star-shaped open neighbourhood U 00 U 0 of P 0 . The centre of these normal coordinates is P 0 . If we calculate the Riemannian curvature tensor R ijkl of the metric g ij which we have determined according to Theorem 2.1, then the Herglotz relations (2.1) hold true with R ijkl too such that R ijkl x j x k = K ijkl x j x k (2.9)
follows. But we will have R ijkl 6 = K ijkl in general. In the next sections we work out a characterization of the di erence between R ijkl and K ijkl .
The decomposition of the partial derivatives of the Riemannian curvature tensor
Although a motive of our investigations arises from techniques of di erential geometry which use normal coordinates, the considerations of this paper do not require normal coordinates. If a special coordinate system is not explicitely de ned, we assume always that our coordinates belong to an arbitrary chart fU; xg of a di erentiable manifold M.
In the following, we use statements about the connection between covariant tensors of order r and the group ring C S r ] of the symmetric group S r which we have given in The power series 2) R ijkl = Proof. A proof is necessary only for r 1. We show that there is a c = const 6 = 0 such that y t r y y r = c y t r : (3.19) Then there follows from (3.19) that the minimal left ideal K (r) := C S r+4 ] y t r is a subideal of I (r) . But because the decomposition of I (r) into a direct sum of minimal left ideals contains exactly one minimal left ideal J (r) corresponding to the partition (r + 2 2), the ideal K (r) has to coincide with that ideal J (r) .
Let us prove (3.19). We denote by P fi 1 ;:::;i k g the subgroup of S r+4 consisting of all those permutations from S r+4 which x all numbers in f1; : : : ; r +4gnfi 1 ; : : : ; i k g. Now let H t r be the group of the horizontal permutations of the tableaux t r and let R be a system of representatives of the left cosets of P f1;3;5;6;:::;r+4g relative to P f1;3g . Then we can write But this yields y t r 6 = 0 since y t r y t r 6 = 0. Consequently, the ideal J (r) has to occur in the decomposition (4.5). If r = 0, Theorem 4.1 follows from I (0) = J (0) . Thus we can assume r 1 in the following.
Step 2 The left ideal I (r) is a subideal of L (r) such that dim I (r) dim L (r) . Further, the linear mapping f 7 ! f maps a minimal left ideal either onto 0 or onto an equivalent minimal left ideal. In Table 1 we have listed the rst values of the dimensions d r ;d r ; d r ; l r . Since these dimensions are monotonically increasing functions of r and I (r) has a subideal of dimension d r for all r 1, we read from Table 1 that for r 4 subideals of dimensionsd r ; d r can not occur in I (r) . Moreover, for r = 3 a subideal of I (r) of dimensiond 3 = 35 is impossible.
Step 3: We handle the remaining cases of the left idealsĴ (1) ;Ĵ (2) ; J (2) ; J (3) by a Let y run through the set of the four Young symmetrizers of the tableaux (4.11). Then we nd by means of PERMS y y y r 6 = 0 and y y y r y 6 = 0 for all those four Young symmetrizers y. There follows from the second of these relations that y y y r is an essentially idempotent element generating a minimal left subideal of I (r) of the equivalence class of y 1) . But since I (r) has at most one subideal from the equivalence class of y, these essentially idempotent elements are generating elements of the left idealsĴ (1) ;Ĵ (2) ; J (2) ; J (3) . Now another calculation with PERMS yields y y y r = 0 for all y. Thus the ideals (Ĵ (1) ); (Ĵ (2) ); ( J (2) ); ( J (3) ) vanish De nition 4.1. Let y t r be the Young symmetrizer of the standard tableau (3.18). We call y t r (@ (r) R) the essential part of @ (r) R and @ (r) R ? y t r (@ (r) R) the non-essential part of @ (r) R.
Obviously, the mapping f 7 ! f is an isomorphism of the minimal left ideals J (r) and (J (r) ), describing the equivalence of these ideals. From this fact there follows @ (r) R = const (y t r (@ (r) R)) ; const 6 = 0 : (4.12) We nish this section with a formula for the inverse of this mapping. This situation is a special case of Proposition 3.1 in 5]. 2) In the cyclic form of a permutation we write the image of a number left from the inverse image. (14) ? (12) contains all minimal left ideals of the class of (see, e.g., 1: p.58 and p.102]). In (5.3) ST denotes the set of all standard tableaux of the partition and y t is the Young symmetrizer of the standard tableau t. Sinceê We have done the calculations of (5.9) and (5.12) by means of Mathematica 18] .
2)
The ? and the R have been calculated by means of the Mathematica package MathTensor 3] .
